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r PARA WW TO TSS 


TO THE HONOURABLE 


CAPTAIN PHI PPS. 


DEAR SIR, e | 
Am favoured with your obliging preſent of your Voyage 


towards the North Pole, for which I return your my 
beſt thanks, 


Mathematicians are no leſs indebted to you than 
mariners, for the attention which you have given to every 
* of ſcientific enquiry, though but remotely connected 
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with the nautical art, which that ſingular voyage preſented. 


have peruſed with particular attention the account of the ob- 


ſervations of the going of the pendulum in latitude 79* 50. 


and ſhall give you my remarks without apology, which it 


would be the higheſt injuſtice to you not to ſuppoſe unne- 
ceſſary, after the pains you have beſtowed upon the ob- 


| ſervation, and the minuteneſs and fidelity with which you 


have detailed all the circumſtances of it, as well as the 


ſteps of the ſubſequent calculations. 


I am inclined to believe that the gain of the pendulum 
muſt have been very nearly what you reckon it. But the 
evidence of this reſts entirely upon the compariſon with the 


WATCH, and the fix altitudes of the ſun taken with the 


aſtronomical quadrant for determining the loſs of the 


5 watch. For the exact agreement which you think you 
find between the gain of the pendulum as reſulting from 


the compariſon with the watch, and as deduced from the 


obſervation of the ſun's return to the vertical wire of the 
equagorial teleſcope, is imaginary. The appearance of 
agreement ariſes entirely from an error in the. computation 
of the retardation of the ſun's return; and when this error 
is ſet right, the watch and the obſervation will be found to 


differ conſiderably. 


The 


* 


The interval between the time when the ſun's weſtern 
limb touched the vertical wire on the 16th day of July, 
1773, and the time of the return of the ſame limb to the 
vertical wire on the day following, which your compu- 
ter hath reckoned 24 © 49",5, could be no more than 


24 © 14": for, a ſmall change in the ſun's declination is 


to the correſponding change in the hour-angle (not, as your: 
computer ſtates it, as the coline of the latitude of the 
place of obſervation, but) as the coſine of the ſun 's declination: 
to the tangent of the angle contained between the circle of 
declination and the vertical circle : for, let Z be the obſer- 
ver's zenith, P the pole of the world, Z 8 the vertical. 
circle drawn to the ſun, S the place of the ſun upon the 
vertical circle at the time of the firſt obſervation, : its place 

upon the ſame vertical at the time of the 

ſecond obſervation. Draw the great 
circles Z P, PS, Ps; round the pole 

P, deſcribe a ſmall circle through , 

, and continue the arcs PS, P, till 
| they meet the circumference of the equi= 
noctial circle in T, ?: now Ss is the change of declination. 
in the interval of the two obſervations; SP s is the corre 
ſponding change of the hour- angle Z PS, and T ? is the 
arc of the equinoctial, which making the angle SP... 


I fay that So: T 7 ſin. PS: tang. PS Z. 


+ 
? 
4 . 
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For the evaneſcent triangle Ss, is to be conſidered 
as a right-lined triangle right-angled at . Therefore 
So: os radius: tang. 5So, or PS Z. 
And, by the known properties of the ſphere, 
os: Tt ſin. Po: radius. 

Ex æquo perturbats So: Tt ſin. Po: tang. PS Z. That 
is, becauſe Po and PS are ſo nearly equal, that the ſine of 
the one may without ſenſible error be taken for that of the 
other, So: Tr=fin. PS: tang. PS Z. Q.E.D. 
Your computer affirms, that | 

So: T: ſin. Z P: tang. PSZ; 
and to ſupport this aſſertion he refers to Cote * | 


mnatio ern, Theor, 35. 


y Mr. Cors moſt elegant treatiſe, De Aſtimatione erro- 
rum in mixid Mathefi, is publiſhed, together with the 
Harmonia Menſurarum, and ſome other leſſer tracts, in a 
quarto volume, printed at Cambridge in the year 1722. 
lt contains in all, four lemmata, three corollaries, twenty- 
eight theorems, and two ſcholia. I ſuppoſe, therefore, that 
theor. 35 is an error of the preſs. The theorem 
that ought to have been referred to, is the Hirteenth: for, 
 awhen the ſun returns for the ſecond time to the vertical 
circle Z 8, and comes upon it at , when before it had 
been at S, the triangle Z PS is changed into Z P's: that is 
10 fay, the fide ZS is changed into Z 5s, the angle 


LPS 


1 

2 Ps is changed into ZP 5, and the fide PS into: 
Ps, and the angle PS Z into Ps Z; and the only two- 
parts of the triangle which remain unchanged, are the fide: 
ZP, which is the complement of the latitude, and 
the azimuth-angle PZ 8: ſo that the thing to be in- 
veſtigated is this; when one fide of a. ſpherical triangle 
(ZP) and one of the two angles adjacent to that fide (Z). 
remain of a certain conſtant quantity, what change muſt: 
the other angle (P) adjacent to the unchanging. fide (Z P): 
undergo, in order that the fide (P'S), oppoſite to the un- 
changing angle (Z), may be changed in its magnitude by a. 
given ſmall quantity 8 o? This queſtion is anſwered by 
Mr. Cores's thirteenth theorem, and by no other propoſi- 
tion in his whole tract. And in that thirteenth theorem, 
Mr. Corzs affirms, as T do, that the are which meaſures: 
the variation of the angle adjacent to the unchanging ſide, 
is to the variation of the fide oppoſite to the unchanging. 
angle, as the tangent of the angle oppoſite to the un- 
changing fide to the fine of the fide oppolite to the un- 
changing angle. And his demonſtration is derived from the 
very ſame obvious principles. 


Inſtead of the proportion therefore which your com-- 
puter ſtates, make the following: As the fine of PS, i. 6 


as the coſine of ſun's declination, to the tangent: of 8, fo» | 


is the change in declination. to the change in the hour- 3 


angle 2' 515 


f 
Wh 1 * | 
. Cc * 
= * | 


121 


* 


Which turned into ime m4 3, 3 | Gain of ET EY upon watch ; a) | 
The change ot the — was 0 94 Loſs of watch by mean of ſix ſolar a- ** 
Hence true interval of the two * — 
tranſits — — 240 13,7 | Gain of 2 upon mean time 73, 8 
Interral by pendulum 24 2 9 Gain by cold — — 2,72 
Therefore the gain of the pendu- | Gain by increaſe of latitude — 71,08 
lum ſhould be "JP On 50,8 } — 
Gain by cold 22572 
Gain by increaſe of latitude 1 48,08 


If 


Gun by 3 of latitude accerting 6 to obſervation ' 1 48,08 
Dirto by watch 1 11,08 


e 2 F © 27,00 


| Thus the obſervation gives the gain of the pendulum 
37 more than the watch. But as the watch went fo 
well during the whole voyage, as its loſs in theſe twenty- 


four hours was aſcertained by {ix altitudes of the ſun, and 


as the gain now given by the watch agrees ſo nearly 
with the reſult of the ſubſequent compariſons at 
$MEERENBERG POINT, I have no doubt but that the 


error lies entirely upon the obſervation of the ſecond 


tranſit. I ſuppoſe the teleſcope, from ſome unper- 
ceived cauſe, had ſhifted its azimuth ; which is the more 
probable, as it does not appear that any means were 
uſed to verify the poſition of the inſtrument. Perhaps 


(a) The interval between the two tranſits in mean time was 24 O 13%. 
And the watch having loſt in that time 5”,5, the interval in time of the watch was 
24> © 8”,2 : which is more than 230 26' 42 5 (the time in which the pendulum had 
gained 77 5 upon the watch, vid. Tab. A.) by 33' 25“ 7. But as 23" 26' 42% 5 
to 33” 25 37 (i. e. as 211 to 5 very nearly) ſo is 77% 5 to 1',8. Therefore 
77 5 + 1,8, or 79, 3, will be the gain of pendulum upon watch in the whole in- 
W between the two tranſits. 
the 


1 


the ſituation upon che ſmall rocky iſland afforded 
none (). 5 


Lou fark your article relating to the pendulum with 
faying, © that theſe obſervations give a figure of the earth 
nearer to Sir Iſaac Newton's computation, than any others 
which have hitherto been made;” and then you ſtate the 
ſeveral figures given, as you imagine, by former obſerva- 
tions, and by your own, Now it is very true, that i the 
meridians be ellipſes, or, if the figure of the earth be that 
of a ſpheroid generated by the revolution of an ellipſis, 
turning on its ſhorter axis, the particular figure, or the 
ellipticity of the generating ellipſis, which your obſerva- 
tions give, is nearer to what Sir 184ac-NEwToN faith it 
ſhould be, if the globe were homogeneous, than any that 
can be derived from former obſervations. But yet it is not 
what you imagine. Taking the gain of the pendulum in 
latitude 79* 300 exactly as you ſtate it, the difference be- 
tween the equatorial and the polar diameter, is about as 
much leſs than the Newtonian computation makes it, and 
the hypotheſis. of homogeneity would: require, as you 
reckon it to be greater. The proportion of 212 to 211 
-ſhould indeed, according to your obſervations, be the pro- 
| (5) Captain Phipps, in a letter to me of the 15th-of-September, ſays, © You were 


right in ſuppoſing that the ſituation of the 3 did not admit of any means of 
verifying its poſition,” 


B portion 


109 
portion of the force that acts upon the pendulum at the 
| poles, to the force acting upon it at the equator. But 
' this is by no means the ſame with the proportion of the 
equatorial diameter to the polar. If the globe were homo- 
geneous, the equatorial diameter would exceed the polar 
by ze of the length of the latter: and the polar force 
would alſo exceed the equatorial by the like part. But if 
the difference between the polar and equatorial force be 
greater than 2, (which may be the caſe in an heteroge- 
' neous globe, and ſeems to be the caſe in ours,) then the dif- 
ference of the diameters ſhould, according to theory, be 


leſs than 2, and vice verſa. 


I confeſs this is by no means obvious at firſt fight; fo 
far otherwiſe, that the miſtake, which you have fallen into, 
Wl was once very general. Many of the beſt mathematicians 
were mifled by too implicit a reliance upon the authority of 
| "Nzewron, who had certainly confined his inveſtigations to 
the homogeneous ſpheroid, and had thought about the hete- 
rogeneous only in a looſe and general way. The late Mr. 
 ELAIRAULT was the firſt who ſet the matter right, in his ele- 
gant and ſubtle treatiſe on the figure of the earth. That 
work hath now been many years in the hands of mathema- 
ticians, among whom I imagine there are none, who have 


conſid cred 


4 o 
7 
* 
- 
* 


(1) 
conſidered the ſubject attentively, that do not acquieſce in 
the author's concluſions. 

In the ſecond part of that treatiſe *, it is proved, that 
putting P for the polar force, II for the equatorial, @ for 
the true ellipticity of the earth's figure, and s for the ellip- 
ticity of the homogeneous ſpheroid, 


— = 2 : Therefore 922 — and there- 


fore, according to your obſervations q = . This is the 
juſt concluſion from your obſervations of the pendulum, 
taking it for granted, that the meridians are ellipſes : which 
is an hypotheſis, upon which all the reaſonings of theory 
have hitherto proceeded. But plauſible as it may ſeem, I | 
muſt ſay, that there is much reaſon from experiment to call 
it in queſtion. If it were true, the increment of the force 
which actuates the pendulum, as we approach the poles, _ | 
ſhould be as the ſquare of the fine of the latitude: or, 
which is the ſame thing, the decrement, as we approach 
the equator, ſhould be as the ſquare of the coſine of the | 
latitude. But whoever takes the pains to compare together 
ſuch of the obſervations of the pendulum in different latitudes, 
as ſeem to have been made with the greateſt care, will 
find that the increments and decrements do by no means 
follow theſe proportions; and in thoſe which I have ex- 
amined, I find a regularity in the deviation which little re- 


* & XLIX, f 
ſembles 


elliptical. 


| 4 
ſembles the mere error of obſervation /b ). The utiavoidable 
concluſion is, - that the true figure of the meridians is not 


If the meridians are not ellipſes, the difference 


of the diameters may indeed, or it may not, be propor- 
tional to the difference between the polar and the equato- 
rial force; but it is quite an uncertainty, what relation ſub- 
ſiſts between the one quantity and the other; our whole 


2) This will beſt appear from the following table, which ſhews the different reſults. 
of obſervations made in different latitudes. The three firſt columns contain the names 
of the ſeveral obfervers, the places of obſervation, and the latitude of each. The 
fourth ſhews the quantity of P—n in ſuch parts as I is 100000, as deduced from com- 
paring the length of the pendulum at each place of obſervation, with the length of the 
equatorial pendulum as determined by M. Bouguer, upon the ſuppoſition that the in- 
erements and decrements of force, as the latitude is increaſed or lowered, obſerve the 


proportion which theory aſſigns. 


Only the ſecond and the laſt value of Pil are con- 


chided from compariſons with the pendulum at Greenwich and at London, not at the 
equator. The fifth column ſhews the value of 9 correſponding to —_ value of Ph, 
4 to Clairault's theorem: 


Bouguer. 
Bouguer. 


Green. 
Bouguer. 
Abbe de la Caille. 


The Academicians. 
Captain Phipps. 


could be in ſuch a ſpheroid.. 


1 


| 


. 


Equator, 


Porto Bello. 
Otaheiree. 
San Domingo. 


Cape of Good Hope. 


Paris. 


| Pello. 
I 


| 


0 * 


92 
17— 29 
18—27 
3355 
42—50 


| 66—438 


19-*50 


pn 


741,8 
503,2 
591,0 
71.5 
585,1 
505, 


471,2 


By this table it appears, that the obſervations in the middle parts of the globe, 
ſetting aſide the ſingle one at the Cape, are as conſiſtent as could reaſonably be expected; 
and they repreſent the ellipticity of the earth as about 340. But when we come within 
ten degrees of the equator, it ſhould ſeem that the force of gravity ſuddenly. 
becomes much leſs, and within the like diſtance of the poles much greater than it 


theory, 


031 
theory, except ſo far as it relates to the homogeneous 
ſpheroid, is built upon falſe aſſumptions, and there is no 
ſaying, what figure of the earth any obſervations of the pen- 


dulum give. 


I flatter myſelf that you will take theſe flriftures in good 
part, as the only motive which induces me to ttouble you 
with them, is one which I am perſuaded is a ruling prineiple 
with yourſelf, a regard to truth. Had your account been 
Teſs circumftantial, the miſtakes which have crept into the 
calculations might not have * eaſily detected. 


Iz have the . to be, Si, with the greet reſp 
"and eſteem, 


Your moſt obedient and 
molt humble Servant, 
SAMUEL HORSLEY. 


PP OST- 
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I nx time that the ſun's diameter takes to croſs the ver- 
tical wire, hath no connection with the principal object of 
your enquiry: the rule, however, which is given in the 
note, p. 161, is not a true one. The true rule might 
be deduced from Cotes Theorem 21. But it may be 
come at in a much eaſier way, and is this: 

As the coſine of the angle (8), contained by the vertical 
Circle and circle of declination, to the radius, ſo is the ſun's 
diameter in time to the time ſought. You will find this 
rule, and a very {imple demonſtration of it in Mr. De La 
Lande's Aſtronomy, article 596, firſt edition. The ſun's 
diameter in time on the 16th July, 1773, was 135",2; 
whence the time of its paſſing your vertical wire muſt have 
been 1376. The reaſon that your computer, though 
working by a falſe rule, hath come in this point very near the 
truth, is, that at the time of your obſervation the ſun's altitude 
Was very nearly equal to his declination, and the coſine of 
altitude very nearly equal to the coſine of declination; 
and conſequently the proportion of coin decl. X coſin & to 
radius x coſin alt, which your computer takes for the pro- 

22885 between the ſun's diameter in time and the time 
| ought, 


„ 
ſought, is, in this particular inſtance, very nearly the ſame 
with the proportion which univerſally obtains between thoſe 
times, viz. that of coſin. S8 to the radius. But had the 
obſervation been taken at a time when the ſun's altitude 
had been very different from his declination, the error of 
his rule would have diſcovered itſelf; of which you may 
eaſily ſatisfy yourſelf by trial, if you think it worth while. 


I juſtice to Captain phirrs I think myſelf obliged to in- 
form the public, that the foregoing letter is publiſhed with his 
conſent ; and that I have his authority to ſay, that the calcula- 

tions, which have given occaſion to it, namely that of the retarda- 
tion of the ſun's return to the vertical wire, and that of the 
time which the ſun's diameter ſhould take to paſs the vertical” | 


wire, were both made by Mr. ISRAEL Lxoxs. 


reren 


